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In this paper we solve x3 + y  + 1 - xyz = 0 completely and study a pair 
of simultaneous cubic diophantine equations (1) x 1 y3 + 1 and y  1 x3 + 1, 
where x and y  are positive integers. The main result in this paper is that there 
exist an intinite number of sequences such that x and y  satisfy (1) if and only if 
they are consecutive terms of one of these sequences. 
Many interesting results have been obtained ‘for the equation z = fi(x, JJ)~ 
f& v> when fitx, Y) and fitx, v> are special quadratic polynomials. These 
are due to Barnes, Goldberg, and Mills. There may be an infinity of com- 
paratively trivial solutions. Apart from these there are only a finite number 
of possible values for z. For such z, we have a quadratic equation zfi(x, y) = 
fi(x, y). The values of x and y are either finite in number or, if not, can be 
found from a pell equation or an equivalent recursive algorithm. Few 
particular results should not be out of the way. The equation x2 + y2 + 1 - 
xyz = 0, equivalently x 1 y2 + 1 and y 1 x2 + 1, has positive integral solu- 
tions (x, JJ) = (u, , an+3, where the u sequence is . . . . 13, 5,2, 1, 1,2,5, 13 ,... 
with z = 3. This sequence consists of alternate terms of the Fibonacci 
sequence 1, 1,2, 3, 5, 8, 13 ,.... The equation x2 + y2 + x + y + 1 = xyz, 
x > 0, y > 0 has solution (x, JJ), the two consecutive terms of the sequence 
1, 1, 3, 15 ,..., where u, = 5~,-~ - u,-~ - 1, while the equation x2 + y2 - 
x-y+ 1 =xyz,x>O,y>Ohastheonlysolutionx=y= 1. 
Mordell [6] has shown that ax3 + by3 + c = xyz, where a, b, c are 
integers, has an infinite number of solutions for which (x, y) = 1. These 
solutions (x, JJ) can be given as polynomials in Q, b, c. In this paper we find 
all integral solutions for the equation x3 + y + 1 - xyz = 0. Again, we 
prove that the equation x3 + y2 - y + 1 - xyz = 0 has an infinite number 
of solutions in positive integers. Finally we show the existence of an infinite 
number of sequences such that x, y satisfy x 1 y3 + 1 and y 1 x3 + 1 if and 
only if they are consecutive terms of one of these sequences. 
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DEFINITION. A sequence of positive integers (ui} with at least three terms 
Ul 9 4 > u3 9.e.9 in which any three consecutive terms satisfy the relation 
%-1 ' %&+I = u,3 + 1, is called a 1 chain. We shah consider two chains 
{a,), {vi> the same if and only if there exists an h such that either u, = u&+ for 
all IZ or U, = 0lr-n for all ~1. 
THEOREM 1. Two positive integers x and y satisfy x I ya + 1 and y 1 x3 + 1 
if and only if they are consecutive terms of a 1 chain. Furthermore, any two 
consecutive terms of a 1 chain determine it completely. 
Proof. Let x and y be two positive integers satisfying 
x I Y3 + 1 and ylxa+ 1. (1) 
Then there exists a unique positive integer r such that xr = y3 + 1. Now 
xr E 1 (mod y) and hence x3(r3 + 1) = ~3 + 1 z 0 (mod y). Furthermore, 
(x, y) = 1 implies that r3 + 1 E 0 (mod y). Thus we have 
ylr3+ 1 and rIP+ 1. (2) 
Continuing thus we obtain a sequence . . . . x, y, r,... such that any two con- 
secutive terms u, , u,+~ of this sequence satisfy u, ) u:,~ + 1 and 
u,,+~ I an3 + 1 and any three consecutive terms u,, , u, , u,+~ satisfy u,-~ . 
24 n+1 = %I3 + 1. Hence x and y are consecutive terms of a 1 chain. From the 
above discussion it is also clear that any two consecutive terms of,a 1 chain 
determine it completely. The converse part is easy. We note the following 
facts. 
(a) If in a 1 chain ui = Ui+l for some i, then it is . . . . 9, 2, 1, 1, 2,9 ,.... 
(b) If in a 1 chain ua = u<+~ for some i, then ui * uifp = u:+~ + 1 
implies that ZQ = u:+~ + 1. Since y2 - 1 = x3 has only solution x = 2 and 
y = 3 in positive integers we have the 1 chain . . . . 915, 14, 3, 2, 3, 14, 915 ,.... 
(c) From (a) and (b) it is clear that x3 + y3 + 1 - xyz = 0 has an 
infinite number of solutions in positive integers. 
(d) If in a 1 chain ui < uifl , then from ui * uit2 = z& + 1 we have 
UiSl < %+2 * Again if ui > u~+~ , then uiVl . u~+~ = ui3 + 1 implies that 
+.I > U( . Since all the terms of a 1 chain are positive integers we have a 
least element in a 1 chain. We call it u,, . If u,, # 1 the 1 chain 
. . . . U-3,U-2,U-l,~0,~1, u2,u3 7s.. 
has the property u-~ > u-* > u+ > u0 and u, ( u1 < u2 ( u, < u, *** . 
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THEOREM 2. The solutions of the diophantine equation x3 + y + 
1 - xyz = 0 in positive integers are given by (x, y, 2) = (3, 14, 1) (2,9, 1) 
(2,3,2), (5, 14,2), (1,2,2), (1, 1,3), (5,9,3), (3,2,5), and (2, L5). 
Proof. From x3 + y + 1 - xyz = 0, where x, y, and z are positive 
integers, we have x 1 y + 1 and y 1 x3 + 1. Again if x and y are positive 
integers such that x 1 y + 1 and y 1 x3 + 1, then xy 1(x3 + 1) (y + 1), 
whence xy 1 x3 + y + 1. Hence, there exists a positive integer z such that 
x3 + y + 1 - xyz = 0. Therefore, to solve x3 + y + 1 - xyz = 0 in 
positive integers we must solve the system x 1 y + 1 and y 1 x3 f 1, an 
equivalent problem. 
Suppose that x j y + 1 and y / x3 + 1. Then we have two positive integers 
Y and s such that 
rx=y+l (3) 
and 
sy=x3+ 1. (4) 
From (3) and (4) it follows that 
s(rx - 1) = x3 + 1. (5) 
We can write (5) as x(sr - x2) = s + 1. On substituting sr -- x2 = n, we get 
xn=s+l.Then 
x2 = sr - n = r(xn - 1) - n = rxn - (n + r). (6) 
Now (6) implies that rn > x. Hence we can suppose that rn = x + k, where 
k is a positive integer. On putting rn = x + k in (6), we get xk = r + n. 
From rn = x + k and xk = r + n it follows easily that 
(n - 1) (r - 1) + (x - 1) (k - 1) = 2, (7) 
where each factor is a nonnegative integer. Then, we have the three possibili- 
ties 
(n - 1) (r - 1) = 0, (x - 1) (k - 1) = 2, (8) 
(n - 1) (r - 1) = 2, (x - 1) (k - 1) = 0, (9) 
(n - 1) (r - 1) = 1, (x - 1) (k - 1) = 1. (10) 
From (8) we see that x + k = 5. Then r = 1, n = 5 or r = 5, n = 1. So 
x = 2 or 3. y being rx - 1, we get the solutions (x, y) = (2, 1), (2,9), (3,2), 
and (3, 14). By similar argument from (9) we obtain (x, y) = (1, 1), (1,2), 
(5,9), and (5, 14). Only one solution (x, y) = (2, 3) is obtained from (10). 
Hence we have in all the following solutions (x, y) = (3, 2), (3, 14), (2, l), 
(2,9), (1, 11, (1,2), (5,9), (5, 14), and (2,3). Then z = (2 + y + 1)lx.y 
yields 5, 1, 5, 1, 3,2, 3, 2, and 2, respectively. Hence, we have the theorem. 
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We note that the equation x3 + y + 1 - xyz = 0 has an infinite number 
of integral solutions. Following the above line of proof we can show that 
by, z> = (0, --1,2), (-LO, 21, 6% -(x3 + l), O), 6, -1, -x3, (--I, 
y, - 1) (x, -(x2 - x + I), -l), (x, -(x + l), 1 - x), ( --r2, r3 - 1, r). The 
following results can be easily proved. 
(e) If (x, y, z) is a solution of x3 + y + 1 - xyz = 0 then (x, (x3 + 1)/y, 
( y L 1)/x) is also a solution. 
(f) If in a 1 chain u, s, t are three consecutive terms then s / u + 1 if and 
only ifs 1 t + 1. In this case either u or s or t is the least element of the 1 
chain. If x j y + 1 and y ) x9 + 1 then x 1 y3 + 1 and y 1 x3 + 1. Hence 
every solution of x 1 y + 1 and y / x3 + 1 can be taken as consecutive terms 
of a 1 chain. Now (2, 3), (3, 2), and (3, 14) yield the same 1 chain . . . . 14, 
3, 2, 3, 14 )...) while (2, 9), (1, l), (1, 2), and (2, 1) yield the 1 chain given by 
. ..) 9, 2, 1, 1) 2, 9,. . . . These two 1 chains had been obtained erlier, taking 
ui = ui+2 and ui = uifl , respectively. From (5, 9) and (5, 14) we get a new 
1 chain,..., 146, 9, 5, 14, 549 ,.... 
THEOREM 3. Let u, s, t be three consecutive terms of a 1 chain. Then 
(i) s / u2 - u + 1 if and only zfs / t2 - t + 1, 
(ii) s / u + t - 1 if and only ifs / u2 - II + 1. 
Proof Since u, s, t are three consecutive terms of a 1 chain we have 
ut = s3 + 1. Hence ut = 1 (mod s). Now u2(t2 - t + 1) :: / -u + u2 
(mod s). Ifs j u2 -- u+lthen(s,~)=landsit~-t+l.Ifs/t9-t++ 
then s 1 u2 - u + 1. This proves the first part. 
If s j u2 - u + 1 then s / t(u2 - u + 1). Now t(u” - u + 1) = ut . u - 
ut + t = (s3 + 1) u ~ (s3 + 1) + t = s3(u - 1) + u + t - 1. Hence s j u + 
t ~ 1. Conversely, if s j u + t - 1 then s j u(u + t - 1). Therefore, s j u2 + 
s3 + I - u whence s 1 u2 - u + 1. This proves the second part. 
COROLLARY 3.1. (x, y, z) is a solution of x3 + y2 - y + 1 - xyz = 0 if 
and only if (x, (x3 + 1)/y, z) is a solution. 
THEOREM 4. Let u, s, t be three consecutive terms of a 1 chain. Then s # 1 
is the least member of the 1 chain if and only ifs < t and s2 > t. (As a 1 chain is 
reversible the same conclusion holds with u in place oft.) 
Proof Suppose s is the least member of a 1 chain. Then s < t and s < u. 
Sinceut=s3+1=s.S2+1,wehaveut<st+1ifs2<t.Butut>st. 
ut, an integer lies between two consecutive integers st and st + 1. This is 
quite absurd. Hence, s2 > t for s2 # t as s # 1. 
Suppose stt and s2>t. Then ut=s3+ 1 >st+ 1. If s>u then 
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st + 1 > ut + 1. Combining the two we have ut > ut + 1, an impossibility. 
Since u # 1, s = u is ruled out. Hence s < u and s is the least member. 
THEOREM 5. The diophantine equation x3 + y2 - y + 1 - xyz = 0; x > 
0, y > 0 has an infinite number of integral solutions. 
Proof. Let x = x1 and y = y, be a positive integral solution of the given 
equation. For example, x = 1, y = 1 is one such. It is easy to see that (x, y) 
is a solution if and only if x 1 y2 - y + 1 and y / x3 + 1. Now our claim is if 
(x1 , yl) is a given solution then (x2 , y.J is another solution, where x2 = 
( y12 - y1 + 1)/x, and y2 = (xz3 + l)/yl . Clearly (xz , y2) is different from 
(x1 , yl). Hence, (x1 , yl) will give rise to a new solution (x2 , y2). Then from 
(x2 , y2) we will have a new solution (x3, y3) and so on. Since x1 I y12 - y1 + 1 
and y, / xl3 + 1, we have x2 = ( y12 - y1 + 1)/x, , an integer. Furthermore, 
x2 / y12 - y, + 1 whence (x2 , y,) = 1. From xzxl := 1 (mod yl), we get 
x13(x2” + 1) = xl3 + 1 = 0 (mod yJ. Since (x1 , yl) = 1 it follows that 
y1 ) xz3 + 1 and hence yz = (x2” + l)/yl is an integer and y, ) x23 + 1. Again 
y,y, = 1 (mod x2) implies that y12( y22 - y3 + 1) = 1 - y1 -t y12 = 0 (mod 
x2). Since (x2 , yi) = 1, x2 j y22 - y2 t 1. Hence (x2 , yJ is a solution. 
COROLLARY 5.1. If (x1 , yl) is a solution of the equation x3 + y2 - y + 
1 - xyz = 0; x > 0, y > 0 then (x,, , yO) is also a solution where x,, = 
( yo2 - y. + WI and y. = (xl3 + O/Y~ . 
EXAMPLE. We take (1, 1) as a solution of x3 + y2 - y + 1 - xyz = 0. 
Then using Theorem 5, from (1, 1) we get (1,2), and using Corollary 5.1 we 
get (3,2) from (1, 1). Repeated applications of Theorem 5 and its corollary 
yield 
(61, 14) t (3, 2) +- (1, 1) + (1,2) --f (3, 14) - (61, 16213) +. 
THEOREM 6. If u, s, t are three consecutive terms of a 1 chain and s / t2 - 
t + 1, then either u or s or t is the least element of the 1 chain. 
Proof. If sits-tfl, by Theorem3, sIu2--+ 1. If t2<s then 
t2 - t + 1 < s and s 1 t2 - t + 1 is a contradiction. Again t2 = s implies 
that t = s = 1 and our theorem is true in this case. Ifs # 1 then t2 > s and 
similarly u2 > s. If t < s then t is the least member, by Theorem 4. Similarly 
if u < s then u is the least member. If both t and u are greater than s then s is 
the least member. 
THEOREM 7. There exist an infinite number of 1 chains. 
Proof. If s I t2 - t + 1, t ( s3 + 1 then s / t3 + 1 and t I s3 + 1 and s, t 
are two consecutive elements of a 1 chain. Taking u = (s3 + 1)/t, we have 
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u, s, t as three consecutive terms of a 1 chain. By Theorem 6, either u or s or t 
is the least element of the 1 chain. So every triplet (u, s, t) such that s 1 t2 - 
t + 1 and ut = 9 + 1 gives rise to a 1 chain and no two different triplets can 
occur in the same 1 chain. Since, by Theorem 5 there are an infinite number 
of such triplets, we have an infinite number of 1 chains. 
THEOREM 8. Let j(x), g(x) be manic reciprocal polynomials with integral 
coeficients. Say 
j(x) = X” + a,x+l + a2xm-2 + *** + a# + a,x + 1, 
g(x) = xn + blx”-l + bZxa-2 + *** + b,x2 + b,x + 1. 
Then for any positive integers x,, , x1 , y, , y1 , which satisfy 
x0x1 = f (Yo), YOYl = dxo). (11) 
We get a pair of injnite sequences (x3, { y,}; n = 1,2,... with 
&-1xn+1 = f (Y39 Yn-1 Yn+1 = &J. (12) 
Proof. We will prove this theorem by induction on n. We need only show 
that x,-~ ( j( y,J and Y,+~ 1 g(x,). For n = 1 we use the fact that y. y1 E 1 
(mod x0) and hence 0 = yImj( yo) = j( y,) (mod x0) and, similarly, the fact 
that x0x1 = 1 (mod yo) implies 
0 = xlQg(xo) = g(xJ (mod yo). 
Now we have x0 / j( yr) and y. / g(x,). There exist integers x2 and y2 such that 
x0x2 = j( yJ and y0 y2 = g(x&. Using the fact that x1 \ j( yo) and y. y, = 1 
(mod x2 we have 0 = y,“j( yo) - j( yJ (mod x1) and, similarly the fact that 
y1 1 g(xo) and x,x, = 1 (mod yJ imply that 
0 - xzng(xo) = g(x2) (mod yJ. 
Therefore, there exist two integers x3 and y3 such that x1x3 = j( y2) and 
yI y3 = g(x2). Hence the theorem is true for n = 1 and n = 2. Again it is 
easy to see that if the theorem is true for n = k - 1 and n = k then it is also 
true for n = k. Hence the theorem is true for all n. 
The condition that the coefficients at both ends are equal to 1 is not 
essential, but the statement gets more complicated if we permit four param- 
eters for the extremal coefficients. We can apply Theorem 8 to obtain 
sequences of solutions to equations of the form 
g(x) +fcY) - 1 = XYZ. (13) 
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Any solution (x, , y, , zJ of (13) leads to a solution (x0 , x1 , ya , y3 of (11) and 
hence to sequences 
and 
f xn 9 Yll-1 . *, = 
d&J + f(Yn-1) - 1 
x7l Yn-1 1 
c xn 2 Yn+1 3 GL’ = 
g&J + .f‘(Yn.+d - 1 
x?l Yn+1 1 
of solutions of (13). Since we always have the trivial solution (1, 1, f(1) + 
g(1) - 1) of (13) it follows that there always exist an infinite sequence of 
solutions except for special f, g, for which the sequences x, , yn become 
periodic. 
Under suitable conditions on the polynomials f, g (if the product of their 
degrees <4) it will be possible to reduce the set of solutions of (3) to the 
union of a finite number of the above sequences, by showing that each 
sequence (x, , y,,,) has a point in a part of (x, y) plane which contains only 
a finite number of lattice points. 
We conclude this paper with two problems. 
Problem 1. Is there a pair (x, y) such that x 1 y2 - y + 1 and y 1 x3 + 1 
which cannot be obtained from (1, 1) by using Theorem 5 and its corollary. 
Problem 2. Are there two or more 1 chains having the same smallest 
element other than sequences {us} and {ai} with vi = Q . 
ACKNOWLEDGMENT 
The author is extremely thankful to Professor E. G. Straus for his valuable comments. 
REFERENCES 
1. E. S. BARNES, On the diophantine equation x2 + y2 + c = xyz, J. London Math. Sot. 
28 (1953), 242-244. 
2. K. GOLDBERG, M. NEWMAN, E. G. STRAUS, AND J. D. Swn-r, The representation of 
integers by binary quadratic rational forms, Arch. Math. 5 (1954), 12-18. 
3. W. H. M~Ls, A system of quadratic diophantine equations, Pacific J. Math. 3 (1953), 
209-220. 
4. W. H. MILIS, Certain diophantine equations linear in one unknown, Can. J. Math. 
8 (1956), 5-12. 
5. W. H. MILLS, A method for solving certain diophantine equations, Proc. Amer. Math. 
sot. 5 (1954), 473-475. 
6. L. J. MORDELL, The congruence a2 + by3 + c = 0 (mod xy) and integer solutions of 
cubic equations in three variables, Acta Math. 88 (1952), 77-83. 
7. L. J. MORDELL, “Diophantine Equations,” pp. 293-300, Academic Press, New York, 
1969. 
8. E. G. STRAUS AND J. D. SWIFT, The representation of integers by certain rational forms, 
Amer. J. Math, 78 (1956), 62-70. 
